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Abstract
In this paper we consider a special class of lacunary series and we characterize their membership in the BMOA of the unit ball
of Cn in terms of their Taylor coefficients. In addition, we show that a similar result holds for the class VMOA.
© 2007 Elsevier Inc. All rights reserved.
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We fix a positive integer n throughout this paper and let Bn denote the open unit ball in Cn. A lacunary series
in Bn is a Taylor series of the form f (z) =∑∞k=1 akzmk11 · · · zmknn , where the sequence mk = mk1 +mk2 + · · · +mkn is
a Hadamard sequence, i.e., it satisfies the condition infk mk+1mk > 1. Throughout this paper p is a fixed natural number
such that 1 p  n−1, and we use βk to denote the sum of the first p exponents, namely, βk = mk1 +mk2 +· · ·+mkp .
We will assume that βk is a Hadamard sequence of positive integers. Also, let
πp(z1, z2, . . . , zp) =
√√√√ ββkk
m
mk1
k1
· · ·mmkpkp
z
mk1
1 z
mk2
2 · · · z
mkp
p , (0.1)
a monomial that maps Bp into the unit disk of C. Let α = (α1, . . . , αn) be a multi-index of nonnegative integers such
that |α| = α1 + · · · + αn > 0 and consider lacunary series of the form
f (z) =
∞∑
k=1
ak
[√
|α||α|
α
α1
1 · · ·ααnn
zα
]mk
. (0.2)
The following results come from [5]. As usual, BMOA (respectively VMOA) stands for the space of analytic functions
with bounded (respectively vanishing) mean oscillation.
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774 O. Furdui / J. Math. Anal. Appl. 342 (2008) 773–779Theorem 1. Suppose n > 1 and f is as in (0.2). Then the following conditions are equivalent:
(a) f is in the Bloch space.
(b) f is in BMOA.
(c) (ak)k∈N ∈ l∞.
Theorem 2. Suppose n > 1 and f is as in (0.2). Then the following conditions are equivalent:
(a) f is in the little Bloch space.
(b) f is in VMOA.
(c) (ak)k∈N ∈ c0.
Theorems 1 and 2 show that, for a special class of lacunary series, membership in BMOA (respectively VMOA)
and in the Bloch space (respectively little Bloch space) is equivalent, and raises the question whether the same is true
for a general lacunary series. The purpose of this article is to provide a partial answer to this question by introducing
a new class of lacunary series in Bn and by showing that results analogous to Theorems 1 and 2 hold. More precisely,
we consider functions of the form
f (z) =
∞∑
k=1
akβ
L
2
k πp(z1, z2, . . . , zp)z
lp+1
p+1 · · · zlnn , (0.3)
where lp+1, lp+2, . . . , ln are fixed natural numbers and L = lp+1 + lp+2 + · · · + ln.
The main result is the following.
Theorem 3. Suppose n > 1 and f (z) is as in (0.3). The following conditions are equivalent:
(a) f is in the Bloch space.
(b) f is in BMOA.
(c) (ak)k∈N ∈ l∞.
Similarly, we have that the corresponding result for the VMOA class also holds.
Theorem 4. Suppose n > 1 and f (z) is as in (0.3). The following conditions are equivalent:
(a) f is in the little Bloch space.
(b) f is in VMOA.
(c) (ak)k∈N ∈ c0.
Remark 5. As it has been mentioned in [5] the condition n > 1 in Theorem 3 is essential since, for n = 1, lacunary
series in the Bloch space of the unit disk are characterized by the condition (ak)k∈N ∈ l∞ (cf. [2, Theorem 1.14]) and
lacunary series in BMOA are characterized by the condition (ak)k∈N ∈ l2 (cf. [1, Theorem 9.3]).
Remark 6. It would be more precise (although cumbersome) to write
f (z) =
∑
mk
mk1+mk2+···+mkn=mk
amk1 ,mk2 ,...,mkn
z
mk1
1 · · · zmknn
instead of f (z) =∑∞k=1 akzmk11 · · · zmknn . However, we are going to stick, as customary, to the latter.
Before we continue, we review some basic notation and terminology. For more details we recommend a perusal
of [6]. For a ∈ Bn define ϕa as follows: If a = 0, then ϕa(z) = −z and if a = 0, then
ϕa(z) = a − Pa(z) −
√
1 − |a|2Qa(z)
, z ∈ Bn,1 − 〈z, a〉
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is the orthogonal projection from Cn onto Cn  [a]. One knows (cf. [4, Theorem 2.2.2]) that the following equality
holds:
1 − ∣∣ϕa(z)∣∣2 = (1 − |a|2)(1 − |z|2)|1 − 〈z, a〉|2 , z ∈ Bn. (0.4)
For a holomorphic function f on Bn with homogeneous expansion f =∑∞k=0 fk , the radial derivative of f at z is
the quantity defined by Rf (z) = z1 ∂f∂z1 (z) + z2
∂f
∂z2
(z) + · · · + zn ∂f∂zn (z) =
∑∞
k=1 kfk(z). More generally, if β > 0 is a
positive real number then the fractional radial derivative of order β is defined as Dβf (z) =∑∞k=0(k + 1)βfk(z).
The Bloch space of Bn, denoted by B, consists of holomorphic functions f in Bn such that ‖f ‖B = |f (0)| +
supz∈Bn(1 − |z|2)|Rf (z)| < ∞. The little Bloch space of Bn, denoted by B0, is the subspace of B consisting of func-
tions f with lim|z|→1−(1 − |z|2)|Rf (z)| = 0. As usual, Sn is the unit sphere in Cn, vn is the normalized volume
measure on Bn, and σn is the normalized surface measure on Sn. For any p > 0 the Hardy space Hp of Bn consists
of holomorphic functions f satisfying the norm condition ‖f ‖Hp = sup0<r<1(
∫
Sn
|f (rξ)|p dσn(ξ))1/p < ∞. The
space BMOA is the subspace of H 2 consisting of functions f such that ‖f ‖2BMO = |f (0)|2 + supa∈Bn
∫
Sn
|f (ξ) −
f (a)|2P(a, ξ) dσn(ξ) < ∞, where P(a, ξ) = (1 − |a|2)n/|1 − 〈a, ξ 〉|2n is the invariant Poisson kernel. Similarly,
VMOA is the subspace of H 2 which consists of functions f such that lim|a|→1−
∫
Sn
|f (ξ) − f (a)|2P(a, ξ) dσn = 0.
One knows (cf. [6, Theorems 5.4, 5.10]) that the Carleson measure and the vanishing Carleson measure can be char-
acterized in terms of the Poisson kernel.
Theorem 7. A positive Borel measure μ in Bn is a Carleson measure (respectively vanishing Carleson measure) if
and only if supa∈Bn
∫
Bn
P (a, z) dμ(z) < ∞ (respectively lim|a|→1−
∫
Bn
P (a, z) dμ(z) = 0).
The next theorem (cf. [3, Theorem 2]) establishes the characterization of BMOA in terms of the Carleson measure.
Theorem 8. Let g ∈ H(Bn). Then g ∈ BMOA if and only if there exists α > 0 so that |Dαg(z)|2(1 − |z|2)2α−1 dvn(z)
is a Carleson measure on Bn.
By carefully checking the proof of Theorem 2 in [3], one can see that a similar result holds for the class VMOA.
We leave the verification to the reader.
Theorem 9. Let g ∈ H(Bn). Then g ∈ VMOA if and only if there exists α > 0 so that |Dαg(z)|2(1 − |z|2)2α−1 dvn(z)
is a vanishing Carleson measure on Bn.
Lacunary series which belong to the Bloch space and the little Bloch space have been characterized in [5, Theo-
rem A].
Theorem 10. Suppose f (z) =∑∞k=1 akzmk11 zmk22 · · · zmknn is a lacunary series in Bn, mk = mk1 +mk2 +· · ·+mkn , and
γk = ak
√
m
mk1
k1
· · ·mmknkn /m
mk
k . Then f ∈ B if and only if (γk)k∈N ∈ l∞ and f ∈ B0 if and only if (γk)k∈N ∈ c0.
The following result (cf. [4, Proposition 1.4.10]) which gives asymptotic estimates for certain important integrals
will be needed several times later on.
Proposition 11. Suppose c is a real number and t > −1. Then the integral
Jc,t (z) =
∫
Bn
(1 − |w|2)t
|1 − 〈z,w〉|n+1+t+c dvn(w), z ∈ Bn,
has the following asymptotic properties:
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(2) If c = 0 then Jc,t ∼ log 11−|z|2 as |z| → 1−.
(3) If c > 0 then Jc,t ∼ (1 − |z|2)−c as |z| → 1−.
Next we establish a result which is needed for the proofs of Theorems 3 and 4.
Lemma 12. Let 1 p  n − 1 be a fixed natural number, let L and li , p + 1 i  n, be positive integers satisfying
L = lp+1 + lp+2 + · · · + ln and let γ > 0 be a real number such that n + p > 2γ  p. Then there exists C > 0 such
that
sup
a∈Bn
(
1 − |a|2)n ∫
Bn
|zp+1|2lp+1 · · · |zn|2ln (1 − |z|2)2γ−1
|1 − 〈z, a〉|2n(1 − |z1|2 − |z2|2 − · · · − |zp|2)L+2γ dvn(z)C. (0.5)
Consequently, the measure dμ(z) = |zp+1|
2lp+1 ···|zn|2ln (1−|z|2)2γ−1
(1−|z1|2−|z2|2−···−|zp |2)L+2γ dvn(z) is a Carleson measure.
Proof. To simplify our calculations, when z ∈ Bn we will sometimes write z = (z′, z′′), where z′ = (z1, z2, . . . , zp)
and z′′ = (zp+1, zp+2, . . . , zn). Let a ∈ Bn, and let I be the integral in (0.5). Clearly,
I =
∫
Bp
dvp(z
′)
(1 − |z′|2)2γ+L
∫
|z′′|2<1−|z′|2
|zp+1|2lp+1 · · · |zn|2ln (1 − |z|2)2γ−1
|1 − 〈(a′, a′′), (z′, z′′)〉|2n dvn−p(z
′′).
With the aid of the substitution z′′ =√1 − |z′|2u we obtain the estimate
I 
∫
Bp
(
1 − |z′|2)n−p−1 dvp(z′)
∫
Bn−p
(1 − |u|2)2γ−1
|1 − 〈a′, z′〉 − 〈a′′,√1 − |z′|2u〉|2n dvn−p(u). (0.6)
If we denote by J the inner integral in (0.6), then
J = 1|1 − 〈a′, z′〉|2n
∫
Bn−p
(1 − |u|2)2γ−1
|1 − 〈 a′′
√
1−|z′|2
1−〈a′,z′〉 , u〉|2n
dvn−p(u).
It is easy to verify that |a′′√1 − |z′|2/(1−〈a′, z′〉)| < 1. Therefore, we can apply Proposition 11 with t = 2γ −1 > −1
and c = n + p − 2γ > 0. It follows that there exists a positive constant c1 such that
J  c1
|1 − 〈a′, z′〉|2p−4γ
{|1 − 〈a′, z′〉|2 − |a′′|2(1 − |z′|2)}n+p−2γ .
On the other hand, in view of (0.4), we see that
∣∣1 − 〈a′, z′〉∣∣2 − |a′′|2(1 − |z′|2)= (1 − |z′|2)(1 − |a′|2 − |a′′|2 + |a′′|2|ϕa′(z′)|2)
1 − |ϕa′(z′)|2 .
Therefore
J 
∣∣1 − 〈a′, z′〉∣∣2p−4γ c1{1 − |ϕa′(z′)|2}n+p−2γ{1 − |z′|2}n+p−2γ {1 − |a′|2 − |a′′|2}n+p−2γ .
Again using (0.4) we obtain
J  c1{1 − |a
′|2}n+p−2γ
{1 − |a′|2 − |a′′|2}n+p−2γ ·
1
|1 − 〈a′, z′〉|2n . (0.7)
Inequalities (0.6) and (0.7) imply that
I  c1{1 − |a
′|2}n+p−2γ
{1 − |a′|2 − |a′′|2}n+p−2γ
∫
B
{1 − |z′|2}n−p−1
|1 − 〈a′, z′〉|2n dvp(z
′).
p
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I  c1c2
{1 − |a′|2}p−2γ
{1 − |a′|2 − |a′′|2}n+p−2γ  c1c2
1
{1 − |a′|2 − |a′′|2}n ,
since p − 2γ  0. Thus, (0.5) follows and the lemma is proved. 
Now we can prove our main results.
Proof of Theorem 3. The equivalence of (a) and (c) follows from Theorem 10. Also, BMOA ⊂ B so (b) implies (a).
Thus, it remains to show that (c) implies (b). To that end, let ak ∈ l∞, and let α = q + 12 where q is a nonnegative
integer and n + p > 2α  p. In view of Theorem 8, it suffices to show that |Dαf (z)|2(1 − |z|2)2α−1 dvn(z) is a
Carleson measure. We distinguish between two cases according to whether L is an even or an odd positive integer.
Since the proofs of these two cases are very similar, we will consider only the case when L is an odd natural number,
i.e., L = 2s + 1. First we observe that Dαf (z) =∑akβ L2k (βk + L + 1)απp(z1, z2, . . . , zp)zlp+1p+1 · · · zlnn , which can be
rearranged to
Dαf (z) =
∑
bkβ
s+q+1
k πp(z1, z2, . . . , zp)z
lp+1
p+1 · · · zlnn , (0.8)
where bk = ak(βk+L+1βk )α ∈ l∞. Let g(z1, z2, . . . , zp) =
∑
bkπp(z1, z2, . . . , zp). Since bk ∈ l∞, Theorem 10 implies
that g ∈ B(Bp). One knows (cf. [6, Theorem 3.4]) that, in this situation, there is ϕ ∈ L∞(Bp) such that
g(z1, z2, . . . , zp) = g(z′) =
∫
Bp
ϕ(w)
(1 − 〈z′,w〉)p+1 dvp(w). (0.9)
Applying the radial derivative operator to the above equality s + q + 1 times we get that
∑
bkβ
s+q+1
k πp(z
′) =
∫
Bp
ϕ(w)Q(〈z′,w〉)
(1 − 〈z′,w〉)s+q+p+2 dvp(w) (0.10)
for some polynomial Q. From (0.8) and (0.10) we obtain the estimate
∣∣Dαf (z)∣∣2  |zp+1|2lp+1 · · · |zn|2ln
( ∫
Bp
|ϕ(w)||Q(〈z′,w〉)|
|1 − 〈z′,w〉|s+q+p+2 dvp(w)
)2
. (0.11)
Furthermore, applying Proposition 11 with t = 0 and c = s + q + 1 to the integral in (0.11), we see that there exists
C > 0 such that
∣∣Dαf (z)∣∣2(1 − |z|2)2α−1  C |zp+1|2lp+1 · · · |zn|2ln (1 − |z|2)2α−1
(1 − |z′|2)2(s+q+1) .
The result now follows from Lemma 12. 
As stated before, Theorem 4 represents the analogue of Theorem 3 for the class VMOA.
Proof of Theorem 4. The equivalence of (a) and (c) follows from Theorem 10 and (b) implies (a) since VMOA ⊂ B0.
Thus, it remains to show that (c) implies (b). Let ak ∈ c0 and let α be a positive integer such that n+p > 2α  p. We
will show that |Dαf (z)|2(1 − |z|2)2α−1 dvn(z) is a vanishing Carleson measure, whence the result will follow from
Theorem 9. There are two cases to consider based on the parity of L. Here we will deal with the case L = 2s and
leave the other one to the reader. A calculation shows that
Dαf (z) =
∑
bkβ
s+απp(z1, z2, . . . , zp)z
lp+1 · · · zlnn ,k p+1
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∑
bkπp(z1, z2, . . . , zp). Thus g is a holomorphic function which belongs
to B0(Bp) by Theorem 10. Therefore (cf. [6, Theorem 3.11]), there exists a function ϕ ∈ C0(Bp) (meaning that ϕ is
continuous on Bp and vanishing on Sp), that satisfies (0.9). Just like in the proof of Theorem 3, we obtain
∣∣Dαf (z)∣∣2  |zp+1|2lp+1 · · · |zn|2ln‖Q‖2∞
{∫
Bp
|ϕ(w)|dvp(w)
|1 − 〈z′,w〉|s+p+α+1
}2
. (0.12)
Let 
 > 0. Since ϕ ∈ C0(Bp), there exists δ ∈ (0,1) such that |ϕ(w)| < 
 for δ < |w| < 1. We will estimate I , the
integral in (0.12), by splitting the domain Bp into {0  |w|  δ} and {δ < |w| < 1}. Applying Proposition 11, it is
not hard to see that there are constants K1 = K1(δ) and K2 = K2(
) such that I 2  K1 + 
K2/(1 − |z′|2)2s+2α .
Consequently,
∣∣Dαf (z)∣∣2(1 − |z|2)2α−1  |zp+1|2lp+1 · · · |zn|2ln(1 − |z|2)2α−1‖Q‖2∞
{
K1 + 
K2
(1 − |z′|2)L+2α
}
.
We will demonstrate that the right-hand side defines a vanishing Carleson measure. Indeed, Lemma 12 shows that
there exists a constant M > 0 such that
(
1 − |a|2)n
K2‖Q‖2∞
∫
Bn
|zp+1|2lp+1 · · · |zn|2ln (1 − |z|2)2α−1
|1 − 〈a, z〉|2n(1 − |z′|2)2s+2α dvn(z) < 
M.
Also, we have that
(
1 − |a|2)nK1‖Q‖2∞
∫
Bn
|zp+1|2lp+1 · · · |zn|2ln (1 − |z|2)2α−1
|1 − 〈a, z〉|2n dvn(z)
K1‖Q‖2∞
(
1 − |a|2)n ∫
Bn
(1 − |z|2)2α−1
|1 − 〈a, z〉|2n dvn(z).
A careful application of either part of Proposition 11 with t = 2α − 1 and c = n − 2α (depending on whether c < 0,
c = 0, or c > 0) shows that the last expression converges to 0 as |a| → 1−. Consequently,
lim
|a|→1−
∫
Bn
P (a, z)
∣∣Dαf (z)∣∣2(1 − |z|2)2α−1 dvn(z) 
M.
Since 
 was arbitrary, the limit must be 0. 
As a special case of Theorems 3 and 4, when n = 2 and p = 1, we get the following result.
Corollary 13. Let L 1 be a fixed natural number and let mk be a Hadamard sequence. Let
f (z1, z2) =
∞∑
k=1
akm
L
2
k z
mk
1 z
L
2 .
Then the following hold:
(a) f ∈ BMOA(B2) if and only if (ak)k∈N ∈ l∞.
(b) f ∈ VMOA(B2) if and only if (ak)k∈N ∈ c0.
References
[1] Daniel Girela, Analytic functions of bounded mean oscillation, in: R. Aulaskary (Ed.), Complex Function Spaces, in: Univ. Joensuu Dept.
Math. Rep. Ser., vol. 4, University of Joensuu, Finland, 2001, pp. 61–170.
[2] Haakan Hedenmalm, Boris Korenblum, Kehe Zhu, Theory of Bergman Spaces, Springer-Verlag, New York, 2000.
O. Furdui / J. Math. Anal. Appl. 342 (2008) 773–779 779[3] Miroljub Jevtic, On the Carleson measure characterization of BMOA functions on the ball, Proc. Amer. Math. Soc. 114 (1992) 379–386.
[4] Walter Rudin, Function Theory in the Unit Ball of Cn, Springer-Verlag, New York, 1980.
[5] Hasi Wulan, Kehe Zhu, Bloch and BMO functions in the unit ball, Complex Variables, in press.
[6] Kehe Zhu, Spaces of Holomorphic Functions in the Unit Ball, Springer-Verlag, New York, 2005.
